by Peter Koepke (Bonn); joint work with Moti Gitik (Tel Aviv) Easton proved that the behavior of the exponential function 2 κ at regular cardinals κ is independent of the axioms of set theory except for some simple classical laws. The Singular Cardinals Hypothesis SCH implies that the Generalized Continuum Hypothesis GCH 2 κ = κ + holds at a singular cardinal κ if GCH holds below κ. Gitik and Mitchell have determined the consistency strength of the negation of the Singular Cardinals Hypothesis in Zermelo Fraenkel set theory with the axiom of choice AC in terms of large cardinals.
Cohen introduced the method of forcing to adjoin a characteristic function F to the ground model V satisfying 1. F : λ × ω → 2 for some λ ℵ 2 V 2. ∀i < j < λ λn.F (i, n) λn.F (j , n); set A i = λn.F (i, n) If G ⊆ P is a "generic path" through P then F = p∈G,i<λ i × p i is as required. 
A symmetric submodel
The model
consists of all sets which, in V [G], are hereditarily definable from parameters in the trans-
in the following form: there are an ∈ -formula ϕ, x ∈ V, n < ω, and i 0 , , i l−1 < λ such that
Lemma 7. N is a model of ZF, and there is a surjection f :
Lemma 8. (Approximation Lemma) Let X ∈ N and X ⊆ Ord. Then there are i 0 , , i l−1 < λ such that 
Since the names ǔ, x, τ , Ȧ i 0 , , Ȧ i l−1 are invariant under π, we cannot have p ϕ and
Proof. By the Approximation Lemma the ground model V has λ names for elements in P
Theorem 10. There is a model of ZF + ¬AC with a surjection P(ℵ 0 ) → ℵ ω and with no surjection P(ℵ 0 ) → ℵ ω+1 . Hence
Felix Hausdorff conjectured an extension of CH Conjecture 11. (Generalized Continuum Hypothesis, GCH)
Theorem 12. GCH is independent of ZFC.
William B. Easton proved Theorem 13. Let E: Ord → Ord be a sufficiently absolute function such that
The Singular Cardinals Hypothesis 
This is a surjective failure of SCH, without requiring large cardinals. Injective failures possess high consistency strengths.
The forcing
Fix a ground model V of ZFC + GCH and let λ = ℵ α be some cardinal in V .
The forcing P 0 = (P 0 , ⊇ , ∅) adjoins one Cohen subset of ℵ n+1 for every n < ω .
The forcing (P , P , ∅) is defined by
Lemma 16. P satisfies the ℵ ω+2 -chain condition.
Let G be V -generic for P .
Fuzzifying the A i
For functions A, A ′ : (ℵ ω \ ℵ 0 ) → 2 define an equivalence relation ∼ by
The symmetric submodel
The final model is
consisting of all sets which, in V [G] are hereditarily definable from parameters in the transitive closure of V ∪ {T * , A O }.
Lemma 17. Every set X ∈ N is definable in V [G] in the following form:
there are an ∈ -formula ϕ, x ∈ V, n < ω, and i 0 , , i l−1 < λ such that
Lemma 18. N is a model of ZF, and there is a surjection f : P(κ) → λ in N defined by
Approximating N Lemma 19. Let X ∈ N and X ⊆ Ord. Then there are n < ω and i 0 , , i l−1 < λ such that
Proof. Let
By taking n sufficiently large, we may assume that
For j < l set 
Discussion and Remarks
To work with singular cardinals κ of uncountable cofinality, various finiteness properties in the construction have to be replaced by the property of being of cardinality < cof(κ). This yields choiceless violations of Silver's theorem.
Theorem 23. Let V be any ground model of ZFC + GCH and let λ be some cardinal in V. Then there is a model N ⊇ V of the theory ZF + " GCH holds below ℵ ω 1 " + "there is a surjection from P(ℵ ω 1 ) onto λ". Moreover, the axiom of dependent choices DC holds in N.
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